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We present a study of the low temperature phases of the antiferromagnetic extended classical
Heisenberg model in the kagome lattice, up to third nearest neighbors. First, we focus on the
degenerate lines in the boundaries of the well-known staggered chiral phases. These boundaries
have either semi-extensive or extensive degeneracy, and we discuss the partial selection of states by
thermal fluctuations. Then, we study the model under an external magnetic field on these lines and
in the staggered chiral phases. We pay particular attention to the highly frustrated point, where
the three exchange couplings are equal. We show that this point can me mapped to a model with
spin liquid behavior and non-zero chirality. Finally, we explore the effect of Dzyaloshinskii-Moriya
(DM) interactions in two ways: an homogeneous and a staggered DM interaction. In both cases,
there is a rich low temperature phase diagram, with different spontaneously broken symmetries and
non trivial chiral phases.
PACS numbers: 75.10.Hk, 75.15.-j, 75.40.Cx, 75.40.Mg, 75.50.Ee
I. INTRODUCTION
In the last years, much effort has been devoted to the
study of topological phases in magnetic systems. Ex-
perimental results in Herbersmithite and related materi-
als, where the magnetic ions form a kagome lattice, have
been one of the main motivations for the large amount
of theoretical work in the kagome lattice. Different mod-
els have been proposed and explored, in the quest for
exotic topological phases (for a recent review on experi-
mental and theoretical results, see Ref.[1] and references
therein.). Much of these works have been done in the
so-called extended Heisenberg model, including exchange
interactions up to third nearest neighbors. Classically, for
a certain region in parameter space, the ground-states of
this model present a non-coplanar order with staggered
chirality2–5. In the quantum case, recent studies focused
in ferromagnetic first and second nearest neighbors cou-
plings and a dominant antiferromagnetic third nearest
neighbors coupling. They proposed the existence of chi-
ral spin liquids and different phases such as valence bond
crystals for these models6,7. For antiferromagnetic cou-
plings, the DMRG study presented in Ref.[8] states that
along the boundary between a staggered chirality and
a q = 0 phase in the classical phase diagram, there is a
quantum chiral spin liquid phase with fractional quantum
Hall effect excitations. This boundary and the nature of
the quantum phases was further studied in Refs.[9].
In this work we focus on the frustrated extended an-
tiferromagnetic model in the kagome lattice for classi-
cal spins, in the phases with staggered chirality and its
boundaires. Our main goal is to study the low tempera-
ture behavior of these regions under the effect of differ-
ent additional interactions, looking for non-trivial chiral
phases. In order to do this, we first discuss the degenerate
lines of the isotropic model and the effect of a magnetic
field. These lines have different types of semi-extensive
and extensive degeneracy. Most interestingly, they inter-
sect in a highly frustrated point which can me mapped to
a model with net chirality and spin liquid characteristics.
Then, we enhance chiral phases by adding two types of
antisymmetric Dzyaloshinskii-Moriya interaction: an ho-
mogeneous one, which has been widely studied for the
kagome antiferromagnet, and a staggered one. We find
that in the classically chiral region these interactions give
rise to a series of non trivial low temperature phases, with
spontaneously broken symmetries and different types of
non-zero chirality.
The manuscript is organized as follows. In Sec. II we
present the model, indicating the different terms consid-
ered in the Hamiltonian. We briefly discuss the symme-
tries associated with each term, and comment on the way
the Monte Carlo simulations were implemented. Then, in
the next sections we focus on the low temperature phases
of the isotropic model (Sec.III), the effect of an external
magnetic field (Sec.IV) and of Dzyaloshinskii-Moriya in-
teractions (Sec.V). We conclude in Sec.VI with an overall
discussion and remarks for future work.
II. THE MODEL
In this section we describe the different terms of the
Hamiltonian of the model defined in the kagome lattice
for classical spins, the different relevant symmetries and
the Monte Carlo technique that was used to explore the
low temperature phases. In Fig. 1 we show the kagome
lattice and indicate the lattice vectors ~a = (1, 0) and
~b = (1/2,
√
3/2), the three sites per unit cell ~r, and the
bonds and sublattices considered in this work.
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FIG. 1: Kagome lattice. Three sites of a unit cell (1, 2, 3), lat-
tice vectors ~a,~b and first, second and third nearest neighbors
couplings J1, J2, J3 for site type 1 are indicated. Black solid
arrows indicate the anticlockwise direction in which the bonds
are taken for the Dzyaloshinskii-Moriya interaction. Dashed
red lines form a portion of the site 1 triangular sublattice and
blue dotted lines indicate part of one of the three interpene-
trating kagome sublattices formed by second nearest neighbor
bonds.
A. Hamiltonian
The Hamiltonian of the system in consideration con-
tains three different parts:
H = HI +HM +HDM (1)
with the first term corresponding to the fully isotropic
Heisenberg Hamiltonian:
HI = J1
∑
〈i,j〉
~Si · ~Sj + J2
∑
〈〈k,l〉〉
~Sk · ~Sl + J3
∑
〈〈〈m,n〉〉〉
~Sm · ~Sn(2)
where 〈., .〉, 〈〈., .〉〉 and 〈〈〈., .〉〉〉 mean respectively first,
second and third neighbors as shown in Fig. 1. Note
that we take only the third nearest neighbor bonds that
cross the hexagons. The second term corresponds to the
presence of a magnetic field, chosen along the z direction:
HM = −h
∑
i
Szi (3)
while the last term includes an out-of-plane
Dzyaloshinskii-Moriya (DM) interaction, in the same
direction as the external magnetic field:
HDM = ~D△ ·
∑
〈i,j〉△
~Si × ~Sj + ~D▽ ·
∑
〈i,j〉▽
~Si × ~Sj (4)
where 〈i, j〉 denote nearest neighbors sites in up and down
triangles in the kagome lattice (△ and ▽) taken in the
trigonometric sense order shown in Fig. 1.
B. Relevant symmetries
We briefly discuss the symmetries of the above de-
scribed Hamiltonian relevant to this work. The presence
of a magnetic field in the interaction Hamiltonian
H = HI +HM (5)
reduces the SO(3) rotation symmetry group from HI
to an SO(2), which allows us to expect a Berezinsky-
Kosterlitz-Thouless (BKT) algebraic phase at low tem-
peratures. Time Reversal Symmetry (TRS) is also bro-
ken because of the magnetic field but inversion and re-
flection symmetries are still present.
In this work, we have studied the DM term in Eq.(4)
in two different ways: considering a uniform (Eq.(6)) or
a staggered (Eq.(7)) ~D:
~D△ = ~D▽ = D~ez (6)
~D△ = D~ez ; ~D▽ = −D~ez (7)
The uniform case is the one that has been more widely
studied in the literature10–14. It preserves inversion and
reflexion symmetries (keeping in mind that spins are axial
vector). For the first neighbors kagome model it is know
to favor a q = 0 state with homogenous chirality per
triangle.
As we will discuss in section V, the inclusion of a
staggered DM interaction induces a richer low tempera-
ture phase diagram. The staggered interaction in Eq.(7)
breaks inversion and reflexion symmetries, but preserves
the lattice only reflexion symmetry (x, y)→ (x,−y). Of
course in both cases the SO(2) rotation symmetry around
the z axis is still present.
C. MonteCarlo Method
To study the low temperature phases of the system
we resorted to Monte Carlo simulations combining the
Metropolis algorithm with the over-relaxation method
(microcanonical updates)15. Simulations where done for
N = 3L2 site lattices with periodic boundary conditions,
L = 24 − 48, reaching temperature T/J1 = 2 × 10−4
with the annealing technique following a Ti+1 = 0.9Ti
scheme. Measurements where taken after 0.1− 10× 105
Monte Carlo steps (MCS) for initial system relaxation
and twice as much MCS for calculating mean values.
III. THE ISOTROPIC CASE
The isotropic case corresponds to h = D = 0 leav-
ing only the term HI . The ground state structure was
studied in Ref.[5] and shows a rich phase diagram de-
picted in Fig. 2. This phase diagram has three different
phases: a q = 0 one and two staggered chiral phases. We
name them cuboc-1 and cuboc-2, following the notation
3in the works of Messio et al.5 where “cuboc” stands for
“cuboctahedron”. In these phases, in the ground state
the magnetic unit cell is formed by 12 spins, pointing at
each of the 12 vertexes of a cuboctahedron. In the cuboc-
1 state, the nearest-neighbor spins form a 2π/3 angle,
and in cuboc-2 they form an angle of π/6. This implies
that in cuboc-1 there is a staggered chirality in the sec-
ond nearest neighbor triangles, whereas in cuboc-2 it is
in the first nearest neighbor ones. Note that along the
J2 = J3 line, the Hamiltonian can be rewritten as in
Eq.(13). Inside the cuboc-2 phase, this implies that the
lowest energy configuration requires the maximization of
the total spin of the up and down corner-sharing triangles
and the minimization of the total spin in the hexagons.
In Ref.[4] it was shown that in the cuboc-2 phase, the
system undergoes a phase transition from a high tem-
perature trivial paramagnet to a staggered chiral phase,
in which the rotation symmetry is of course restored by
fluctuations but the discrete TRS and lattice reflection
symmetries are spontaneously broken.
In this work, we define scalar chirality in the up and
down triangles of the kagome lattice as
χ△ = ~S1(~r) ·
(
~S2(~r)× ~S3(~r)
)
(8)
χ▽ = ~S1(~r) ·
(
~S3(~r −~b)× ~S2(~r − ~a)
)
(9)
We now focus on the low temperature physics of the
degenerate lines, described below.
 0
 0.5
 1
 1.5
 2
 0  0.5  1  1.5  2
q=0
cuboc1 cuboc2
SEL1
HFP1
HFP2
SEL2
ELJ 3
/J
1
J2/J1
FIG. 2: Ground state phase diagram for the antiferromagnetic
J1−J2−J3 extended Heisenberg model in the kagome lattice.
“HFP” indicate the Highly Frustrated Points, “SEL” de semi
extensive degeneracy lines and “EL” the extended degeneracy
line. This phase diagram is taken from Ref.[16]
As a first approach to study the degeneracy of the sys-
tem along these lines, we use the spherical approximation
or O(N) model, where the Hamiltonian matrix in Fourier
space is diagonalised relaxing the local |~Si| = 1 constraint
to a global |∑Ni ~Si| = N . As this is a non-Bravais lattice,
this method provides a lower bound to the ground-state
energy, and not the exact ground state energy. However,
it does provide useful information about the characteris-
tics and physics of the ground states (for a discussion on
this approach see for example Ref.[17]).
Of particular interest in the phase diagram are the
points dubbed HFP1 (Highly Frustraded Point), which
is the well known first nearest neighbors model, and
corresponds to corner sharing triangles, and HFP2,
corresponding to corner sharing hexagons, studied in
Ref.[18]. Although apparently similar, the low temper-
ature physics of these two maximally frustrated points
in the kagome lattice is quite different. For HFP1 it
has been shown that, by an Order-By-Disorder (OBD)
mechanism19, thermal fluctuations select coplanar states
which have quartic soft modes and thus a lower contribu-
tion to the specific heat than Cv = 1 (kB ≡ 1) predicted
by the equipartition theorem. Therefore at low temper-
atures, the specific heat of the system tends to the well
known value of Cv = 11/12
20. On the other hand, HFP2
has recently been established as a non algebraic classi-
cal spin liquid18. Evidence of these difference between
HFP1 and HFP2 is reflected in the spherical approxi-
mation analysis: at both points the lowest band is flat,
but in HFP2 it is doubly degenerate and separated by a
gap from non-flat bands, a signature of the non-algebraic
nature of the spin liquid phase18.
An interesting quantity to estimate the degree of de-
generacy is given by the number of degrees of freedom
per plaquette F (see for example Ref.[21]):
F =
q
b
(n− 1)− n (10)
where n is the number of components of the spin, q the
number of spins per plaquette and b the number of pla-
quettes that share the same spin. For example, in HFP1
this quantity is know to be 0. On the other hand, for
HFP2, one obtains F = 3 (q = 6 and b = 2), a signif-
icantly big number compared with other classical spin
liquids such as the antiferromagnetic model in the py-
rochlore lattice22, where F = 1. Another interesting
quantity to look at is the value of the specific heat at
low temperature. Each quadratic mode contributes to it
with a value of 1/2 (in units of kB), each quartic mode
with 1/4, and there is no contribution from zero modes.
A first indication to check whether there is selection due
to OBD is to look at the value of the specific heat: if there
is no selection by an extensive number of soft modes, one
expects the system to lie in a typical ground state with a
non extensive number of soft modes. Thus, the decrease
of the specific heat is due only to zero modes and reaches
the value Cv = bnkB/2q
22. Let us come back to the case
of HFP2. We have measured a low temperature value of
Cv = 1/2 (Fig. 4), which is the first condition to fulfil
for a disordered state.27.
4Recently, in Ref.[23] it was shown that through local
transformations it is possible to do a one-to-one mapping
from the HFP1 point to two models with finite vector chi-
rality, dubbed models χ+ and χ−. This mapping consists
on a rotation of each of the three site sublattices around
the z axis. The resulting Hamiltonians are an XXZ model
with ferromagnetic interactions in the xy plane and an-
tiferromagnetic ones in z, and a Dzyaloshinskii-Moriya
term with D = ±√3J/2:
HHFP1χ± =
J
2
∑
〈i,j〉
−~S⊥i · ~S⊥j + 2Szi Szj ±
√
3z˜ ·
(
~Si × ~Sj
)
(11)
As mentioned in Ref.[23], the low temperature physics
of the χ+ and χ− models is equivalent to the one of the
HFP1. The system undergoes an order-by-disorder state
selection and the specific heat tends to 11/12.
These same transformations can be applied to the case
of second and third neighbors coupling that we are con-
sidering here. It is particularly interesting when applied
to the HFP2. As with the first nearest neighbor bonds,
the second nearest neighbors are between spins of dif-
ferent sublattices. Therefore, the transformations affect
both the J1 and the J2 terms in the same way. However,
the third nearest neighbor couplings are between sites
of the same sublattices, and thus are unchanged by this
rotations. The resulting Hamiltonians are:
HHFP2χ± =
J1
2
∑
〈i,j〉
−~S⊥i · ~S⊥j + 2Szi Szj ±
√
3z˜ ·
(
~Si × ~Sj
)
+
J2
2
∑
〈〈k,l〉〉
−~S⊥k · ~S⊥l + 2SzkSzl ±
√
3z˜ ·
(
~Sk × ~Sl
)
+J3
∑
〈〈〈m,n〉〉〉
~Sm · ~Sn (12)
Given that the HFP2 is a spin liquid at low temper-
atures, so are the models in Eq.(12). We have indeed
checked that they have the same specific heat at low tem-
perature. The interplay between the antisymmetric DM
terms and an external magnetic field has interesting con-
sequences for these models, namely, a classical chiral spin
liquid, as we will discuss in the following subsection.
We now proceed to comment on the degenerate lines
of the phase diagram. The lines SEL1 and SEL2 are
characterised by a lowest energy configuration with semi-
extensive degeneracy: the submanifold of lowest energy
states corresponds to lines instead of planes, as can be
seen from the results of the spherical approximation for
two arbitrary points in these lines in Fig. 3.
Along the J2 = J3 line, the Hamiltonian can be rewrit-
ten as a combination of corner sharing triangles and
hexagons:
HJ2=J3 =
(J1 − J2)
2
∑
△,▽
~S2△,▽ +
J2
2
∑
7
~S27 (13)
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FIG. 3: Lowest energy bands obtained with the spherical
approximation for the semi-extensive degeneracy lines SLE1
(left) and SLE2 (right) of the phase diagram in Fig. 2 from
the Hamiltonian presented in Eq.(5).
From the Hamiltonian in Eq.(13) it is clear that in the
SLE1 line, J2 = J3 < J1, the ground states is obtained by
the simultaneous minimisation of all hexagon and trian-
gle variables (which can be shown to be independent vari-
ables). The result corresponds to simultaneously impose
zero total magnetisation in both types of plaquettes. In
this case, thermal fluctuations select those ground states
with semi extensive degeneracy. Here, degenerate config-
urations can be build by the exchange of lines of spins
in two of the three sublattices of the kagome lattice. In
the SLE2 line (J1 = J2 < J3), the degeneracy line is
realized in states where in each sublattice lines of anti-
ferromagnetically ordered third nearest neighbors can be
independently rotated without energy cost. The specific
heat, in the thermodynaminc limit, for both SLE1 and
SLE2 will thus tend to 1 at low temperatures (Fig. 4),
since there are no soft modes and only a semiextensive
number of zero modes.
Instead, the line EL J1 = J3 < J2 is a fully extensive
degeneracy line, as indeed here the Hamiltonian can be
written as three intercalated kagome lattices constructed
by second nearest neighbor spins (see Fig. 1):
HJ1=J3<J2 =
(J2 − J1)
2
∑
,,j=A,B,C
(
~S2(,)j
)
+
J1
2
[ ∑
A,B
(
~SA + ~SB
)2
+
∑
B ,C
(
~SB + ~SC
)2
+
∑
C ,A
(
~SC + ~SA
)2]
(14)
where ~S,,j=A,B,C is the total magnetisation of a trian-
gle constructed by second nearest neighbors, in analogy
to△ and▽ for the first nearest neighbor triangles. Mini-
mization of the above Hamiltonian easily renders the con-
dition that the total magnetization per triangle be zero
as in HFP1. The same low temperature physics as HFP1
is thus expected, and we confirm this with the specific
heat obtained from Monte Carlo simulations (Fig. 4),
where at low temperatures Cv ∼ 11/12.
51/2
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FIG. 4: Specific heat per spin (kB ≡ 1) as a function of tem-
perature for different degenerate points in the kagome lat-
tice. Results shown correspond to the average of 10 copies of
L = 30 simulations.
IV. THE SYSTEM IN A MAGNETIC FIELD
The low temperature phases of the kagome model
under a magnetic field at HFP1 have been extensively
discussed24, where in particular a collinear UUD pseu-
doplateau aroundM = 1/3 emerges (M =
∑N
i S
z
i ), from
thermal order by disorder. In the HFP2 point, no pseu-
doplateau is found, due to the high degeneracy of the
model.
Between HFP1 and HFP2 along the SLE1 line, the
semi-extensive degeneracy is still present and the sys-
tem also shows a M = 1/3 pseudoplateau. To under-
stand this, one can rewrite the magnetic field terms of
the Hamiltonian as
HM,J2=J3 = −h
∑
7,△,▽
2J2
J1 + J2
Sz7 +
J1 − J2
J1 + J2
Sz△,▽ (15)
Minimising again the Hamitonian given by Eq.(13) and
Eq.(15), one finds that for the value of the magnetic field
h = J1 + J2, the value of the magnetisation for both the
triangles and the hexagons must be one third of its to-
tal value. As happens for the nearest neighbors kagome
model, the pseudoplateau occurs for a collinear config-
urations with an UUD arrangement in the corner shar-
ing triangles and a UUUUDD one in the corner sharing
hexagons.
The SLE2 line shows no particular features in the mag-
netization curves and the semi-extensive degeneracy re-
mains, whereas in the EL line the behavior is equiva-
lent to the nearest-neighbor kagome model, as expected.
At low temperatures, a collinear pseudoplateau emerges,
where the UUD order is found in the triangles of each of
the three second nearest neighbor sublattices.
In the cuboc phases, the staggered chirality phase with
broken reflection symmetries persists for low magnetic
fields. By increasing further the magnetic field one drives
the system into the trivial paramagnet phase with re-
stored symmetries and no more staggered chirality.
At last, let us comment on the BKT algebraic phase
expected at low temperature from the remnant SO(2)
symmetry of the model. For most points of the phase di-
agram, the system shows indeed at low enough temper-
atures a Quasi-Long-Range-Order (QLRO) in the XY
plane. There are, however, some notable exceptions to
this scenario.
i) The quasicollinear pseudoplateau states
As mentioned above, there are regions in the phase di-
agram in which the systems shows a pseudoplateau at a
value of the magnetisation corresponding to one third of
the saturation value: in the HFP1, and in SLE1 and EL.
In these regions of parameter space the in-plane QLRO
disappears and the BKT temperature shrinks to zero.
The quasicollinear configurations is selected by an or-
der by disorder mechanism due to the presence of soft
modes24.
ii) The classical XY spin liquid point HFP2
In the HFP2, our simulations results seem to indicate
that there is no in-plane QLRO at any value of the mag-
netic field. The properties of the system at this point of
the parameter space, and in the presence of a magnetic
field are remarkably similar to the ones of the isotropic
case. To illustrate this, we compare the structure fac-
tor obtained for a L = 30 system at T/J1 = 2 × 10−4
for h/J1 = 0 and h/J1 = 4, shown in Fig. 5, left. For
h = 0, as commented in Ref.[18], there are no peaks indi-
cating that there is not thermal selection and no “pinch-
points”, consistent with a non-algebraic spin liquid phase
scenario. We show as a typical example at h/J1 = 4 the
component perpendicular to the magnetic field in Fig.
5, right. It shows a similar behavior to the h = 0 case,
thus suggesting that there is no QLRO. This result is
also backed up by the value of the specific heat at low
temperatures, which gives again the value of 1/2.
h/J1=0
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FIG. 5: Structure factors for HFP2. Left: isotropic model
(h/J1 = 0). Right: components of the spins perpendicular
to the external field h/J1 = 4. Results obtained with Monte
Carlo simulations for L = 30 lattices, at T/J1 = 2× 10
−4.
As we mentioned in the previous section, it is possible
to map this HFP2 point to two models with XXZ and
antisymmetric DM interactions at first and second near-
est neighbors and pure exchange coupling for third near-
est neighbors, models HHFP2χ± from Eq.(12). The trans-
6formation to these models leaves the z components of the
spins unchanged. Therefore, the low temperature behav-
ior of these models under a magnetic field, HHFP2χ± +HM ,
will be as we just discussed: no QLRO is expected. An
interesting feature is that the first and second nearest
neighbor DM interactions induce a non zero chirality in
both first and second nearest neighbor triangles. There-
fore, these models have a net chirality with no QLRO,
and we may consider them “classical chiral spin liquids”.
V. DZYALOSHINSKII MORIYA INTERACTION
In the last part of this work, we consider also the inclu-
sion of a DM interaction. As mentioned when presenting
the model in section I, we studied two types of nearest-
neighbor DM interaction: a uniform one (Eq.(6)) and a
staggered one (Eq.(7)).
A. Homogeneous DM interaction
The effect of an antisymmetric DM term in the nearest
neighbor kagome antiferromagnet has been thoroughly
studied10–14. Respecting the kagome lattice symmetries,
the DM term should be perpendicular to the plane and
the same in both up and down triangles. This uniform
DM is compatible with all the lattice symmetries, as dis-
cussed in section II. It is well known that for nearest
neighbor interactions in the kagome lattice this term fa-
vors the q = 0 order with a non-zero scalar chirality.
This is also the case for the degenerate lines in the Fig.2
phase diagram. We thus focus on the cuboc phases, where
the competition between interactions renders a richer low
temperature phenomenology.
At low values of D, D/J1 ∼ 0.1, a “cuboc-like behav-
ior” remains at lower magnetic fields. Along all the mag-
netization curve, there is a net scalar chirality. However,
this chirality is obtained in a different way depending
on the coupling and the magnetic field. For the cuboc-
2 phase, at lower magnetic fields, translation symmetry
is broken and the up and down triangles have alternat-
ing scalar chiralities with opposite sign, that add up to
a total non-zero chirality. This is a departure from the
pure cuboc-2, where there is an alternate chirality and
χ△ = −χ▽. At higher fields, the q = 0 order becomes
the preferable configuration, and both chiralities acquire
the same value: χ△ = χ▽. In the top panel of Fig. 6 we
show simulation results for the value of the total chiral-
ity χtot = χ△+χ▽ as a function of the magnetic field at
low temperature. The inset shows χ△ and χ▽ as a func-
tion of temperature for one particular copy at h/J1 = 4.
A similar behavior is found in the cuboc-1 region. In
this case, in the isotropic model the staggered chirality is
in the second-nearest neighbor triangles. Defining these
chiralities χ, χ in analogy to χ△, χ▽ from Eq.(8), we
find a net chirality at low magnetic fields for staggered
χ, χ, and a q = 0 order at higher fields.
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FIG. 6: Total chirality χtot per triangle as a function of an ex-
ternal magnetic field h/J1 for J2 = J3 = 1.5J1, homogeneous
D = 0.1J1 at T/J1 = 2 × 10
−4, obtained from Monte Carlo
simulations for 20 copies of L = 24. The inset shows the be-
havior of χ△, χ▽ with temperature for one copy at h/J1 = 4.
B. Staggered DM interaction
The staggered DM term breaks the total (i.e. lattice
and spin) inversion and reflexion symmetries, but pre-
serves the continuous SO(2) spin rotation symmetry and
the discrete (x, y) → (x,−y) lattice only reflection sym-
metry. In contrast to the case without DM term, no more
highly degenerate points are found in the phase diagram,
and the system shows everywhere a finite temperature
BKT transition to an in-plane QLRO state. There are,
however, different interesting phase with translation or
the (x, y) → (x,−y) discrete symmetries being sponta-
neously broken.
The DM term induces opposite chiralities in the up and
down triangles of the kagome lattice. Therefore, in the
cuboc-2 phase it favours one among the two degenerate
staggered chirality configurations found in the isotropic
case. As such, the spontaneous Z2 symmetry breaking
for a spontaneous staggered chirality of this case does
not occur here. We have however observed a phase tran-
sition to a low temperature broken translation symmetry
phases with striped patterns in many areas of the phase
diagram: the SLE1 and SLE2 lines and the cuboc-2 phase
for intermediate D/J values. These broken translation
phases are detected by studying the Sz components of
the spins. The stripes have a periodicity in the trans-
verse direction of two or four. They are found in each
of the site sublattices (1,2,3) of the kagome lattice, and
the pattern and direction may change in each sublattice.
These site sublattices form a triangular lattice (see Fig.
1), where the bonds are third-nearest neighbor bonds. In
our model, only one bond is non-zero, the J3 bond. This
bond is in the ~c = −~a + ~b direction for sublattice 1, ~b
direction for sublattice 2 and ~a for sublattice 3. Charac-
terising the different types of stripes found in each case
in each sublattice is beyond the scope of this work. Be-
low, we define two types of complex order parameters,
7φγ,
~β
~α , ψ
γ,~β
~α , which can be used to study each specific case.
We then illustrate their use in the cuboc-2 phase, where
the phases at higher D/J are particularly interesting.
φγ,
~β
~α =
∑
β
∑
α
(Szi − Szi+1) + i(Szi+2 − Szi+3) (16)
ψγ,
~β
~α =
∑
β
∑
α
(Szi − Szi+2) + i(Szi+1 − Szi+3) (17)
where γ = 1, 2, 3 indicates the sublattice, Szj are four con-
secutive spins in each sublattice γ summed along the ~α
direction, and averaged in parallel lines in the ~β direction
(~α, ~β = ~a,~b,~c).
We now focus our attention in the cuboc-2 area, where
the low temperature phases induced by the Zeeman and
antisymmetric interactions are non trivial. The staggered
DM interaction induces three types of phases, described
below.
i) Low values of the DM interaction D/J1
For lower values of D/J1, at low temperatures and
lower values of the magnetic field, the magnetic order re-
mains as the one of the cuboc-2 phase. However, there
is no more spontaneously symmetry breaking, since, as
mentioned above, the staggered chirality is now fixed by
the DM interaction. Note that the (x, y) → (x,−y)
lattice only reflection transforms χ△,▽ → −χ▽,△, and
therefore a staggered chirality (with equal magnitude of
the chirality in the up and down triangles) is invariant
under this transformation, as illustrated in the top of Fig.
7.
(x, y)→ (x,−y)
0
+
0
+
0
+
−
0
−
0
−
0
(x, y)→ (x,−y)
−
+
−
+
−
+
−
+
−
+
−
+
FIG. 7: Two examples of the application of the (x, y) →
(x,−y) lattice only reflection symmetry to the the χ△,▽ chi-
ralities. +,−, 0 indicate positive, negative or zero chirality
per triangle.
ii) Intermediate D/J1
At intermediate values of the DM parameter, the
low temperature phase also shows a staggered chirality
χ△ = −χ▽ pattern, but translation symmetry is bro-
ken in a particular way. The sublattices (1, 2, 3) break
translation symmetry in a striped Sz pattern with a pe-
riodicity of four sites. More precisely, two of the sublat-
tices show a pattern in which the components Sz take
three different values and are grouped ABAC while the
third sublattice shows a pattern with two values of Sz
arranged in pairs DDEE. To have an energetically fa-
vorable stripe ordering in the sublattices, the ABAC
stripes are present in two sublattices in the direction of
the J3 bond of the third sublattice, which presents the
DDEE stripes. For example, for stripes in the ~c direc-
tion, the ABAC order is in sublattices 2 and 3, and the
DDEE pattern in sublattice 1, as shown in Fig. 8 for
J2 = J3 = 1.5J1,D/J1 = 0.25,h/J1 = 2.
FIG. 8: Snapshots for the low temperature phase for J2 =
J3 = 1.5J1 , alternating DM interaction D/J1 = 0.25, mag-
netic field h/J1 = 2. A fragment of the lattice is shown in (a),
and sublattices for sites type 1,2,3 are depicted in (b),(c),(d)
respectively. The colors indicate the projection along the
field, red being completely parallalel and blue antiparallel,
arrows indicate the XY components. Results shown where
obtained from a T/J1 = 2× 10
−4 simulation run in a L = 24
lattice.
Let us take a moment to discuss how to stuy the order
presented in the example shown in Fig. 8 using the order
parameters defined in Eq.(16) and Eq.(17). In this case,
on one hand, for sublattice 1 all φ1,
~β
~α = 0. The only
non zero parameters are φ2,3,
~b,~a
~a,~b
. On the other hand, the
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FIG. 9: Top: Absolute value of the total parameter φγ,
~β
~α as
a function of an external magnetic field h/J1 for J2 = J3 =
1.5J1, alternate D = 0.25J1 at T/J1 = 2 × 10
−4, obtained
from Monte Carlo simulations for NNN copies of L = 24. The
inset shows the behavior of the parameter with temperature
for one copy at h/J1 = 2. Bottom: for one copy at h/J1 = 2,
real and imaginary compoments of ψ1,~c~a (left) and ψ
2,~c
~a (right)
as a function of temperature.
ψγ,~c
~a,~b
parameters will be non-zero in all three sublattices.
However, for the DDEE order the real and imaginary
parts of the parameter in sublattice 1,ψ1,~c
~a,~b
, should be
equal. For the ABAC stripes, the parameters, in this
example ψ2,3,~c
~a,~b
, are either real or imaginary. To illustrate
this, in the top panel of Fig. 9 we show the absolute value
at low temperature of the sum of all φγ,
~β
~α parameters as a
function of the magnetic field obtained from Monte Carlo
simulations for J2 = J3 = 1.5J1, D/J1 = 0.25. One
can clearly see that its value decreases by increasing the
magnetic field, but remains non zero up to the saturation
value h/J1 ∼ 18. The inset shows the behavior of this
parameter with temperature for the case shown in Fig.
8. In the lower panels, we plot ψ1,~c~a and ψ
2,~c
~a as a function
of temperature for the case of Fig. 8. Since the stripes
are in the ~c direction, Re(ψ1,~c~a ) = Im(ψ
1,~c
~a ) and for this
copy ψ2,~c~a is real, then Im(ψ
2,~c
~a ) = 0.
iii) Higher values of D/J1
Finally, at higher values of ~D/J1, the system presents
an interesting phase with non-zero total chirality and
restored translation symmetry. In this phase the lat-
tice only reflection symmetry (x, y) → (x,−y) is spon-
taneously broken: the total chirality is a result of either
χ△ > 0, χ▽ = 0 or χ△ = 0, χ▽ < 0, as shown in the
bottom of Fig. 7. In Fig. 10 we present the absolute
value of the total chirality |χtot| = |χ△ + χ▽| as a func-
tion of the external magnetic field obtained from Monte
Carlo simulations for J2 = J3 = 1.5J1, showing that this
spontanesouly broken refelexion symmetry phase persists
until a critical value of the magnetic field at which the
chirality vanish. The inset shows the phase transition
from a paramagnetic phase to the chiral phase for a spe-
cific value of the magnetic field. As we mentioned above,
the chiral phase restores the translation symmetry, the
spins have a uniform Sz magnetization. The local order
giving rise to this non-zero total chirality corresponds
to, for example, up triangles having a non-coplanar spin
configuration with non-zero chirality and down triangle
with parallel spins, and as such having zero chirality.
In Fig. 11 we show this QLRO in fragments of snap-
shots of the low temperature phases for different copies
for J2 = J3 = 1.5J1.
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FIG. 10: Absolute value of the total chirality χtot per triangle
as a function of an external magnetic field h/J1 for J2 = J3 =
1.5J1, alternate D = 0.5J1 at T/J1 = 2×10
−4, obtained from
Monte Carlo simulations for 10 copies of L = 24. The inset
shows the behavior of χtot with temperature for one copy at
h/J1 = 8.
Finally, in the EL, J1 = J3 < J2, the DM interaction
couples the three intertissued second nearest-neighbors
kagome sublattices. Interestingly, at lower values of the
magnetic field, the system shows the same broken lattice
only reflection symmetry (x, y) → (x,−y) phase with
total chirality that we have just described.
VI. DISCUSSION AND CONCLUSIONS
The kagome lattice has been the laboratory for many
interesting phenomena in magnetism, either at the clas-
sical and quantum level. In this paper we have studied a
classical spin system with antiferromagnetic first, second
and third neighbors couplings, as well as the presence
of a magnetic field and an out of plane DM interaction.
9FIG. 11: Snapshots for two different copies of the low tem-
perature phase for J2 = J3 = 1.5J1, alternating DM in-
teraction D/J1 = 0.5, h/J1 = 4. a) χ△ > 0, χ▽ = 0
b) χ△ = 0, χ▽ < 0. Results shown were obtained from
T/J1 = 2× 10
−4 simulation runs in a L = 30 lattice.
The phase diagram of the isotropic system shows lines
and points of extensive or semi extensive degeneracy that
keep an interesting behavior in the presence of a magnetic
field. Indeed, in the lines dubbed EL and SEL1 we find a
pseudo-plateau in the magnetisation curve at 1/3 of the
saturation value, with UUD and UUUUDD configura-
tion in triangle and hexagons respectively for SEL1 and
UUD for second neighbors triangles in EL. As for the
first neighbors model, the BKT temperature is expected
to vanish at the value of the magnetic field at which the
pseudo plateau occurs.
Of particular interest is the point dubbed HFP2: in
the isotropic case it was shown to give rise to a short
range spin liquid18. Interestingly, this behavior seems to
persist in the presence of a magnetic field, at which we
claim that the BKT temperature is reduced to zero for
the entire range of the magnetic field. Moreover, using
a mapping consisting of different local rotations per sub-
lattice23, the model at the HFP2 point with a magnetic
field can be shown to be equivalent to a model with non-
zero total chirality an a short range classical spin liquid
behavior, namely a chiral short range classical spin liquid.
At last, we also studied the system in the combined
presence of a magnetic field and a DM interaction. More
precisely we considered two cases for the DM interaction:
an homogenous and a staggered DM term. The first term
is known to favour the q = 0 configuration with non-zero
total chirality. In this sense, the interesting issue here
was to study the transition from a staggered chiral con-
figuration at the cuboc-2 phases at low DM field to the
q = 0 chiral state at larger values of the DM term. An-
other interesting issue, also concerning the cuboc phases
(here we concentrated mainly in the cuboc-2 phase), is
the behavior of the system in the presence of a staggered
DM interaction. At fixed values of the Heisenberg cou-
plings and magnetic field, by increasing the DM term
one passes from a cuboc-2-like staggered chirality phase,
to a stripe phase to finally, at higher values of the DM
term, a state with total chirality and restored translation
symmetry. Moreover, the total chirality can be of the two
signs, i.e. there is a spontaneous lattice reflexion symme-
try breaking. Indeed, for those values of the parameters,
by decreasing the temperature the system undergoes a
phase transition from a normal paramagnet to a chiral
state, with either positive or negative chirality.
Classical chiral states as the ones we have studied here
are a good starting point in the quest of quantum chiral
spin liquid, which is very active subject in modern con-
densed matter physics. The classical states by their own
are also interesting in the realisation of the anomalous
Hall effect and Chern insulators25, characterised among
others by the presence of chiral edge modes. If the mag-
netic background (upon cooling) can acquire, by a spon-
taneous symmetry breaking, positive and negative sign
for the total chirality, this open the possibility for tailor-
ing an anomalous Hall effect state, or Chern insulator in
which the edge states can go one way or the other (or
the Chern number of the occupied band can be either
positive or negative). Such kind of spontaneous classical
chiral states have already be seen in the context of the
frustrated Heisenberg model in the triangular lattice, in
which a skyrmion lattice configuration emerges26. How-
ever, in such configurations the unit cell of the magnetic
background is very large, making the electronic transport
analysis (with many bands emerging) more cumbersome.
The extended kagome model with staggered DM interac-
tion studied here give rise to a similar behavior but with
a much smaller unit cell, and in this sense it may be a
good starting point for studying anomalous Hall effect
with spontaneous broken symmetry.
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